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An adiabatic time evolution of a closed quantum system connects eigenspaces of initial and final
Hermitian Hamiltonians for slowly driven systems, or, unitary Floquet operators for slowly modu-
lated driven systems. We show that the connection of eigenspaces depends on a topological property
of the adiabatic paths for given initial and final points. An example in slowly modulated periodically
driven systems is shown. These analysis are based on the topological analysis of the exotic quantum
holonomy in adiabatic closed paths.
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I. INTRODUCTION
The adiabatic theorem for isolated quantum systems
is a basic principle of the quantum dynamics: Once the
system is prepared to be in a stationary state, the system
remains to be stationary as long as the parameters of the
system are varied slow enough. There are many proof for
slowly driven systems [1–3], which are described by Her-
mitian Hamiltonian, as well as slowly modulated driven
systems [4–6], which are described by unitary Floquet op-
erators. The adiabatic theorem has diverse applications,
e.g. in molecular science and solid state physics [7, 8],
quantum holonomy [9–11] and adiabatic quantum com-
putation [12–14].
In this article, we examine how the final stationary
state of the adiabatic time evolution depends on the path
in the adiabatic parameter space. In particular, we here
focus on the eigenspaces corresponding to the initial and
final stationary states, and we will ignore the phase in-
formation in the following. First, we will show that the
final stationary state generally depends on the adiabatic
path, although the initial adiabatic parameter and ini-
tial stationary state are kept fixed. It turns out that the
topology of the adiabatic path plays the key role there.
Second, we will show that the discrepancy between two
final stationary states corresponding to two different adi-
abatic path is characterized by a permutation matrix,
which is governed by a homotopy equivalence. Our idea
is an application of the topological formulation for the
exotic quantum holonomy [15, 16], which concerns the
nontrivial change in eigenspaces induced by adiabatic cy-
cles [17].
The present argument heavily relies on topology, in
particular the concept of homotopy and its application
to the covering map. At the same time, our argument
is formal in the sense of mathematics. Since our ar-
gument relies only on an elementally account of homo-
topy and covering map, we refer textbooks of topology
for more mathematical description [18–20]. The covering
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map is also discussed in a study of phase holonomy of
non-Hermitian quantum systems [21].
The plan of this article is the following. In Section 2,
we introduce the lifting of adiabatic paths for our prob-
lem. This is considered to be an extension of the lifting
for the phase holonomy [22, 23]. In Section 3, we present
the main results. An example is shown in Section 4. We
conclude this article in Section 5.
II. LIFTING ADIABATIC PATHS
The lifting of adiabatic paths is the central concept for
the theory of conventional quantum holonomy [9–11]. We
take over this concept to examine the path-dependence of
eigenspaces. In this sense, our approach is a straightfor-
ward extension of the works by Simon [22] and Aharonov
and Anandan [23].
We here focus on the simplest case where the system
is described by a N -level Hermitian Hamiltonian H(λ)
with an adiabatic parameter λ, whose space is denoted
as M. The energy spectrum of H(λ) is assumed to be
discrete and non-degenerate for an arbitrary λ inM. Let
Pn(λ) be the eigenprojector corresponding to an eigenen-
ergy En(λ) (n = 0, 1, . . . , N −1). Our assumption on the
eigenenergies ensures that En(λ) and Pn(λ) are smooth
in M. Also, Pn(λ) is rank-one. We remark that it is
straightforward to extend the following analysis to uni-
tary Floquet systems, if the spectrum of the Floquet op-
erator is discrete and non-degenerate.
We examine all eigenprojectors at a time, which facil-
itates to compare the changes in eigenspaces induced by
two adiabatic paths. From the eigenprojectors Pn(λ) for
a given point λ inM, we introduce an ordered set of the
eigenprojectors
p(λ) ≡ (P0(λ), P1(λ), . . . , PN−1(λ)) . (1)
We may introduce another ordered sets, since the order
is arbitrary. Let σ denote a permutation of quantum
numbers 0, 1, . . . , N − 1. In other words, σ is an element
of N -th symmetric group SN . Let pσ(λ) = σ (p(λ)), i.e.,
pσ(λ) ≡
(
Pσ(0)(λ), Pσ(1)(λ), . . . , Pσ(N−1)(λ)
)
, (2)
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2where σ(n) is the permutated quantum number for a
given quantum number n.
We introduce a fiber at λ in M:
Fλ ≡
⋃
σ∈SN
{pσ(λ)} . (3)
For an arbitrary pair of elements, say pσ′(λ) and pσ′′(λ),
of Fλ, there is a unique permutation σ ∈ SN that sat-
isfies pσ′′(λ) = σ (pσ′(λ)), i.e., σ
′′(n) = σ(σ′(n)) for an
arbitrary n. In this sense, we call SN a structural group
of the fiber Fλ.
A total space P consists of the fibers Fλ in M:
P ≡
⋃
λ∈M
Fλ, (4)
which naturally accompanies a projection
pi : P →M (5)
by construction. Hence we obtain a fiber bundle consists
of the total space P, the projection pi, the base manifold
M and the fiber Fλ.
Utilizing the fiber bundle introduced above, we intro-
duce a lifting of a path C inM to P in order to examine
the adiabatic time evolution of p along C. Let λi and λf
denote the initial and final points of C, respectively.
The adiabatic time evolution of p ∈ P can be deter-
mined by the time evolution of each eigenprojector Pn.
The adiabatic theorem ensures that the final state of the
adiabatic time evolution along C is unique for a given
initial stationary state Pn(λi). Accordingly the initial
pi ∈ Fλi and the adiabatic path C uniquely determines
the final point pf ∈ Fλf . Let φC from Fλi to Fλf denote
the mapping from the initial to the final point, i.e.,
pf = φC(pi). (6)
Namely, the mapping φC describes the change of p in-
duced by the adiabatic path C.
The projection pi introduced in Eq. (5) satisfies the
axiom of covering projections [18]. Namely, for a given
point λ inM, there is an open subset U ofM that satis-
fies the following: pi−1(U) is a disjoint union of connected
open subset of P. Each of the disjoint component Uj is
mapped homeomorphically onto U (Fig. 2). The cover-
ing map structure determines a various properties of φC .
In particular, it will be shown below that the homotopic
classification of the paths plays the central role here.
If C is a closed path with a given initial point λi, the
mapping φC on Fλi is called the monodromy action (The-
orem 11.22 in Ref. [18]). We also note that φC can be
regarded as a permutation of eigenprojector at λ = λi.
Since our argument in the next section much owes to
the properties of the monodromy action (e.g. shown in
Ref. [18]), we will quote the relevant result where appro-
priate.
λi λfC
p φC(p)
C˜
Fi Ff
FIG. 1. Lifting adiabatic path C in M to P (Eq. (4)), which
is made of fibers Fλ (Eq. (3)). Let λi and λf denote the
initial and final point of C, respectively. The lifted path C˜
starts from p, which is in the initial fiber Fi, and satisfies the
adiabatic Schro¨dinger equation for the ordered set of eigen-
projectors. We introduce the mapping φC from Fi to the final
fiber Ff , so that φC(p) is the final point of C˜.
λ U
p1 U1
p2 U2
Fλ
FIG. 2. A schematic picture of the covering map pi : P →M
(Eq. (5)). Let λ be a point in an open set U ⊂ M. Points
pj in the fiber Fλ (Eq. (3)) satisfies pi(pj) = λ. When pi is a
covering map, pi−1(U) consists of disjoint union of open sets
Uj , each of which is mapped homeomorphically onto U .
III. COMPARISON OF ADIABATIC PATHS
We lay out our main results in this section. We com-
pare two adiabatic paths C1 and C2, which have the same
initial and final points λi and λf , in the adiabatic param-
eter space M. For a given initial eigenprojector at λi,
we will elucidate how the eigenprojectors at the λf de-
pends on C1 and C2, by examining the adiabatic time
evolutions of the ordered set of eigenprojectors (Eq. (1)).
In other words, we examine how φC , which is a mapping
from Fλi to Fλf , depends on the topology of the path.
First of all, we examine the case that C1 is homotopic
to C2, which is denoted as C1 ∼ C2. Namely, we suppose
that we may smoothly deform C1 to C2, while keeping
its initial and final points. We remark that this is the
case where most conventional analyses of the periodic
adiabatic time evolution have focused on.
If C1 and C2 are homotopic, φC1 and φC2 are identi-
cal, due to the homotopy lifting property (e.g., Theorem
311.13 in Ref. [18]). Hence, an arbitrary initial eigenpro-
jector is adiabatically transported to the same final point
through the paths C1 and C2.
Utilizing this result, we denote by φ[C], instead of φC ,
where [C] denotes the equivalence class of a path C under
the homotopic classification.
Secondly, we proceed to the case where C1 is not homo-
topic to C2. We compare these paths with a closed path
C ≡ C1 · (C2)−1, where the inverse path of C2 follows
after C1. Hence the initial point of C is λi. If a closed
path γ, whose initial point is λi, in M is homotopic to
C, the following formula for φ[C] holds:(
φ[C2]
)−1 ◦ φ[C1] = φ[γ], (7)
where ◦ denotes the composition of the mappings φC .
Eq. (7) is shown in the following way. Because of C ∼ γ,
φ[C] = φ[γ] holds. On the other hand, φ[C] =
(
φ[C2]
)−1 ◦
φ[C1] holds from the definition of φ[C1·(C2)−1] (Eq. (6)).
Now our problem, i.e., the comparison of adiabatic
time evolutions along adiabatic paths in M, is casted
into the analysis of the monodromy action φ[γ] for an
arbitrary closed path γ in M. We remind that φ[γ] cor-
responds to a permutation of eigenprojectors induced by
the adiabatic time evolution along γ. For example, if γ
is contractable to the point λi, which is equivalent to the
case C1 ∼ C2 examined above, φ[γ] corresponds to the
identical permutation, which implies φ[C1] = φ[C2].
In order to completely solve our problem, there are
two tasks. One is to enumerate all equivalence class [γ]
of closed paths in M. Namely, we need to identify the
first fundamental group pi1(M) of the adiabatic param-
eter space M. The other is to examine the monodromy
action φ[γ] of eigenspaces, for every [γ] in pi1(M).
There remains a question whether different equiva-
lent classes [γ] and [γ′] induce different permutations of
eigenspaces. In other words, we need to clarify whether
pi1(M) completely characterizes the collection of φ[γ].
There are two cases:
1. If P is simply connected, i.e., pi1(P) has only a
single element, φ[C1] = φ[C2] holds if and only if C1
is homotopically equivalent to C2. Hence pi1(M)
offers the complete classification of the adiabatic
cycles for our problem.
2. In general, we need to modify the first case above,
where the equivalence class of closed paths pi1(M)
is replaced with H where H ≡ pi1(M)/pi∗(pi1(P)).
Namely, φ[C1] = φ[C2] holds if and only if C1 is
equivalent to C2 under the equivalence class H of
closed paths in M.
Here we assume that pi is a normal covering map, which
is equivalent to the condition that H is independent of
pi (Proposition 11.35 in Ref. [18]). As far as we see, this
assumption holds in our examples.
These result concern with the group Φ consists of all
possible φ[γ] for an arbitrary closed path γ. In the the-
ory of covering map, Φ is called a covering automorphism
group, and the above result is just the one-to-one corre-
spondence between Φ and H (Theorem 12.7 in Ref. [18]).
We examine the latter, general case, where P is mul-
tiply connected. There is a closed path C˜ that is not
contractable to a point, in P. We assume that the initial
point pi of C˜ satisfies pi(pi) = λi. Let C be the pro-
jection of C˜ into M, i.e., C ≡ pi(C˜). We note that an
arbitrary lift of C to P is closed. If C is not contractable
to a point, i.e., the equivalence class [C] is different from
[e], this offers an example of φ[C] = φ[e] with [C] 6= [e].
Accordingly such [C] makes H nontrivial.
IV. EXAMPLE
We examine a slowly modulated periodically driven
systems in this section. Here a modification of the adi-
abatic theorem is required for the stationary states that
are described by by eigenvectors of a Floquet operator [4–
6]. We choose the periodically driven systems instead of
slowly driven Hamiltonian systems because the examples
in the latter case requires either the divergence or cross-
ing of eigenenergies, as is seen in the studies of exotic
quantum holonomy [15, 24, 25]. We refer Ref. [26] to
apply the present formulation for adiabatic paths that
involves level crossings.
We compare an arbitrary pair (C1, C2) of two adiabatic
paths in a two level system, where we suppose that the
absence of spectral degeneracy in the adiabatic paths.
After we lay out our result using a parameterization that
is suitable to examine the path topology dependence, of
two level systems, we will show an example of nontrivial
pair of paths (C1, C2) using a quantum map.
First, we parameterize the adiabatic path using the set
of eigenprojections P1 and P2
b ≡ {P1, P2}, (8)
where the order of the projectors are ignored. Namely,
we will specify a point in the base manifold M by b.
This amount to the parameterization of adiabatic path
by Floquet operator through the spectral decomposition
U = z1P1 + z2P2, (9)
where zj is j-th eigenvalue (j = 1, 2), since non-
degenerate Floquet operator U uniquely specifies b. In
contrast, there are two possible values of the ordered pro-
jector p introduced in Eq. (1), i.e., (P1, P2) and (P2, P1).
Note that the definition of b in Eq. (8) is straightforward
to extend to the systems with an arbitrary number of
levels.
Second, we take up a geometric interpretation of b and
p for the two level system, utilizing the following param-
eterization of projection operator
P (a) =
1
2
(1 + a · σ), (10)
4O Bi
Bf
x
y
Ca
C ′a
Cc
FIG. 3. Adiabatic time evolution of a (thick arrow), which
is equivalent to the ordered set of eigenprojectors p for the
periodically driven spin- 1
2
(Eq. (12)). Since a is transported
from ex to ey along the adiabatic path Ca (thick curve), the
corresponding adiabatic evolution of eigenprojector is from
P (ex) to P (ey). In other words, the adiabatic mapping of p
is φ[Ca] (p(ex)) = p(ey), where p(a) ≡ (P (a), P (−a)). Other
adiabatic path C′a (dotted curve), which is homotopic to Ca,
provides the same adiabatic mapping, i.e., φ[Ca] = φ[C′a]. On
the other hand, the adiabatic path Cc (dashed curve) is not
homotopic to Ca due to an obstacle (a disclination [20, 27]) at
the origin. The corresponding adiabatic evolution is described
as φ[Cc] (p(ex)) = p(−ey). We may compare Ca and Cc by
a closed path C = C−1c · Ca. The discrepancy between φ[Ca]
and φ[Cc] is given by φ[C], which corresponds to the cyclic
permutation of the two items in p.
where σ is the vector consists of Pauli matrices, and a is
a normalized three-dimensional real vector. The eigen-
projectors in Eq. (9) can be expressed as P1 = P (a) and
P2 = P (−a). Now it is straightforward to see that p and
a has 1 : 1 correspondence, which implies that P can be
identified with S2. On the other hand, ±a correspond
to a single point in the b-space. Namely, the b-space can
be regarded as RP 2, the real projective plane. Hence the
covering map pi : S2 → RP 2 for the two level system can
be regarded as an identification of the antipodal points
in the sphere.
Now our argument presented in the previous section is
ready to apply. The fundamental class of the base space
pi1(RP 2) = {[e], [γ]} has two elements, where e is the
closed path that contractable to a point, and the closed
path γ is not homotopic to e. On the other hand, our
total space P is simply connected as P = S2. Hence [e]
and [γ], the two classes of closed paths, offers two differ-
ent monodromy map φ[e] and φ[γ], which correspond to
the identity and cyclic permutations of two eigenprojec-
tors, respectively.
We summarize the analysis of two level systems. When
the trails of the adiabatic paths C1 and C2 in RP 2 are
homotopic, the adiabatic time evolutions of an eigenpro-
jector along C1 and C2 has no difference. On the other
hand, when C1 are C2 not homotopic, the composite
closed path C−12 · C1 is homotopic to γ, and the cor-
responding discrepancy φ[γ] =
(
φ[C2]
)−1 ◦ φ[C1] (Eq. (7))
is expressed by the cyclic permutation of two items.
We exemplify the above argument using a slowly mod-
ulated driven spin- 12 , where we set ~ = 1. In the absence
of the modulation, our example is described by the fol-
lowing periodically driven Hamiltonian:
H(t) =
1
2
B · σ + λ1− σz
2
∞∑
m=−∞
δ(t−m), (11)
where B = B(cosφex + sinφey) is the static magnetic
field confined in xy-plane (B and φ are the cylindrical
variables), and λ is the strength of the periodic term.
The corresponding Floquet operator is, for example
U = e−iλ(1−σz)/2e−iB·σ/2, (12)
which is a quantum map under a rank-1 perturbation [28,
29]. In the following, we examine U under the adiabatic
changes of B in (Bx, By)-plane except the origin B = 0.
Also, we set λ = φ along the adiabatic path. Hence U
is single-valued in (Bx, By)-plane, since U periodically
depends on λ with the period 2pi. The eigenvalues of
U are, as shown in Ref. [17], z± = exp {−i(φ±∆)/2},
where
∆ = 2 arccos
(
cos
φ
2
cos
B
2
)
. (13)
The corresponding eigenprojectors are P (±a), where
a =
1
sin(∆/2)
[
sin
B
2
(
cos
φ
2
eρ − sin φ
2
eφ
)
− sin φ
2
cos
B
2
ez
]
, (14)
eρ = cosφex + sinφey and eφ = − sinφex + cosφey.
Note that ∆ and a are not single-valued in (Bx, By)-plane
although U is single-valued. We depict adiabatic paths,
whose initial and final points in (Bx, By)-plane are Bi ≡
(pi, 0) and Bf ≡ (−pi, 0), respectively, and corresponding
adiabatic time evolution of eigenspaces in Fig. 3.
V. CONCLUSION
We have shown the path topology dependence of adia-
batic time evolution in closed quantum systems through
a topological argument, which is based on the recent
study on the exotic quantum holonomy [17]. We finally
note that examples of systems exhibit non-trivial adia-
batic path topology dependence, according to the stud-
ies of exotic quantum holonomy in, for example, quan-
tum graphs with generalized connection conditions[30–
33], many-qubit systems [34], adiabatic quantum compu-
tation [14], and the Lieb-Liniger model [35].
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